Plasmon hybridization theory has been an invaluable tool in advancing our understanding of the optical properties of metallic nanostructures. Through the prism of molecular orbital theory, it allows one to interpret complex structures as "plasmonic molecules" and easily predict and engineer their electromagnetic response. However, this formalism is limited to conducting particles. Here, we present a hybridization scheme for the external and internal vibrations of dielectric nanostructures that provides a straightforward understanding of the infrared signatures of these particles through analogy to existing hybridization models of both molecular orbitals and plasmons extending the range of applications far beyond metallic nanostructures. This method not only provides a qualitative understanding, but also allows for the quantitative prediction of vibrational spectra of complex nanoobjects from well-known spectra of their primitive building blocks. The examples of nanoshells illustrate how spectral features can be understood in terms of symmetry, number of nodal planes, and scale parameters.
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infrared optical properties | vibrational spectroscopy | aerosols | nanoparticles A erosols and nanoparticles are ubiquitous in our world and indeed throughout the solar system. Their role in atmospheric processes, as industrial pollutants, in interstellar chemistry, and as drug delivery systems has become an increasingly important issue in recent years. Understanding how these particles absorb and scatter electromagnetic radiation is essential for a broad range of sensing applications (1) and for the study of global warming, which strongly depends on how solar radiation interacts with aerosols (2) . However, these optical properties are complicated by their dependence on particle size and shape. The most well-known example of this phenomenon involves the electromagnetic surface modes of particles with subwavelength dimensions. These surface modes typically show a strong dependence on particle morphology (3, 4) . As a result, this behavior has been studied extensively for both dielectric and conducting particles.
In conducting particles, surface modes are associated with collective electron oscillations called plasmons. These surface plasmons commonly lead to strong absorption and scattering at visible and near-infrared frequencies of light. Controlling particle morphology in order to engineer the location and width of these peaks for a broad range of applications is an active area of research. In this field, plasmon hybridization theory (PHT) has allowed for an intuitive understanding of the optical properties of coupled metallic nanostructures (5) (6) (7) . This understanding has largely been possible because PHT is conceptually similar to molecular orbital theory and experience with the latter allows one to easily grasp the main results of PHT through analogy.
For dielectric nanomaterials, the motion of internal vibrations (vibrational excitons or vibrons) and external vibrations (phonons) can also lead to surface modes. These vibrations occur at much lower frequencies than those of surface plasmons and are typically located in the infrared region of the electromagnetic spectrum. Similar to surface plasmons, these oscillations can display a dependence on particle morphology. However, their shape-dependent peaks must fall between the longitudinal optical (ω LO ) and transverse optical (ω TO ) modes of the excited vibrational transition (4) . There currently exists no simple model that can be used to explain and predict the behavior of surface modes of more complex dielectric nanostructures from the well-known behavior of simple nanoobjects (primitive components). For dielectric structures, such a method could enhance our understanding of the origin of band shapes, just as PHT has for metallic nanostructures, but with a much broader range of applications. Naturally this model would be a valuable intuitive aid when designing nanomaterials with a specified infrared response (8) (9) (10) , and it would also be of great utility in any field where particles are characterized through their vibrational spectra, such as the remote sensing of atmospheric aerosols (11) (12) (13) or the study of cosmic dust (14) (15) (16) (17) .
In this work, we develop a hybridization scheme that is valid for internal and external vibrations of dielectric nanostructures. We demonstrate for the example of dielectric shells of different shapes that the inner and outer surface-charge densities are admixtures of the surface-charge densities of the primitive components that form such a shell-a cavity and a core (Fig. 1) . This example illustrates the general applicability of the hydbridization scheme and demonstrates how vibrational spectra of complex dielectric nanostructures can be predicted from spectra of primitive building blocks.
Results and Discussion
PHT was originally developed by considering simple particle morphologies. However, in that work, conduction electrons, which are responsible for the plasmon mode, were treated as an incompressible fluid. Such a model is physically unrealistic for a dielectric material. Therefore, an alternative approach is needed. Here, we take the electrostatic eigenvalue method which has been extensively applied to plasmon resonances (18) (19) (20) (21) (22) (23) . Using this approach, we demonstrate (SI Text) that the charge density on the inner and outer surface of a shell can always be constructed from linear combinations of the surface-charge densities of its two primitive components (a core and a cavity). For a spherical shell (Fig. 1A) with an inner radius of a and an outer radius of b, the surface-charge density can be expressed using spherical harmonics and the surface resonances (eigenmodes) are
when the band under consideration is well separated from all other optical modes, the high-frequency dielectric constant is set to one (ϵ ∞ ¼ 1), and the permittivity of the core and medium are also set to one (ϵ 1 ¼ ϵ 3 ¼ 1). This example is similar to what was initially presented for metallic shells (6) and the interpretation through analogy to molecular orbital theory can be applied here. The high-energy level (ω lþ ) can be thought of as being antibonding and the low-energy level (ω l− ) as bonding. The antibonding mode involves an antisymmetric coupling between the charge on the inner and outer surface of the shell, whereas the coupling between the surfaces in the bonding mode is symmetric. Eq. 1 illustrates that a simple scale parameter a∕b determines how the spectrum changes as a function of inner and outer radius. Fig. 2 shows the energy levels for the dipolar eigenmodes (l ¼ 1 in Eq. 1) and the corresponding absorption spectra for the ν 3 band of two spherical CO 2 shells with different thicknesses. As a dielectric substance, we have chosen crystalline CO 2 (see SI Text for details of the dielectric function used). This material is an excellent model system because its cubic crystal structure gives it a simple isotropic dielectric tensor. Furthermore, we have measured infrared spectra of various types of icy CO 2 aerosol particles, allowing for a direct comparison with experimental data (24, 25) . Aerosol measurements also offer the advantage that substrate effects do not influence the measured spectra, keeping the example simple. Finally, the understanding of infrared signatures of CO 2 aerosols of various morphologies is crucial for the interpretation of current and future aerosol data from the Mars atmosphere, where CO 2 is one of the important cloud components (13) . The current understanding of the morphology of these cloud condensates is that CO 2 forms a shell around H 2 O-coated dust particles.
A simple explanation why the antibonding mode is higher in energy than the bonding mode is provided in Fig. 2 . Analogous to molecular orbital theory, the energy increases with an increasing number of nodal planes (higher kinetic energy). The antibonding mode has three nodal planes (þ−; −þ; þ−) whereas the bonding mode has only one (þ−). Furthermore, the calculated absorption spectra for spherical CO 2 shells on the righthand side of Fig. 2 show that an external electromagnetic field couples much more strongly to the bonding mode than to the antibonding mode, which is a consequence of the larger overall dipole moment of the bonding mode. A comparison of Fig. 2A to Fig. 2B shows that, as the shell thickness is increased, the splitting between the bonding and antibonding modes decreases. The source of this change is a decrease in coupling between the charges on the inner and outer surfaces of the shell with increasing shell thickness. Within the hybridization model, this result can be interpreted as the two primitive modes mixing less with each other as shell thickness increases. In the limit of an infinitely thick shell, the eigenmodes will be equal to those of the primitive structures. In contrast to metallic shells, the absorption peaks of dielectric shells are restricted to the LO-TO region. In this region, the dielectric material behaves like a conductor insofar as the real part of its dielectric function is negative. The consequence of this restriction is that, in the limit of an infinitely thin shell, the bonding mode approaches ω TO while the antibonding mode approaches ω LO . This behavior differs from the metallic case where in this limit the bonding mode approaches a frequency of zero and the antibonding mode approaches the plasma frequency of the metal. Therefore, plasmon modes of metallic nanostructures can be tuned over a much larger range of energies than vibrational modes of dielectric materials. The mode structures are of course also shape dependent. The restriction to the LO-TO region means that vibrational transitions with large LO-TO splittings exhibit pronounced shape dependence but those with very small or negligible splittings have little shape dependence.
To validate this model against experimental results, the infrared spectra of CO 2 nanoshells with a cubic shape (lower trace in Fig. 3A ) and CO 2 cubes (lower trace in Fig. 3B ) were measured as aerosols in a bath gas cooling cell (T ¼ 78 K). CO 2 ice cubes were formed by injecting pure CO 2 into the cell, whereas CO 2 ice nanoshells with a cubic shape were prepared by condensing CO 2 onto cubic N 2 O templates (24) . Although the spherical shells discussed above are useful for illustrative purposes, their application is limited as real CO 2 aerosols are known to contain particles that are cubic in shape because of their crystalline structure (25) . The same holds for the N 2 O templates. We used equimolar amounts of N 2 O and CO 2 to generate the nanoshells and assume that this ratio is the same for each particle in the ensemble. The ratio of shell thickness to core size can then be determined from the known molar volumes of crystalline N 2 O and CO 2 .
Based on the known shapes of CO 2 particles and of the N 2 O templates used to construct CO 2 shells, a cubic particle model is more suitable here. The discussion of the eigenmodes of this object is more complicated as multiple modes possess a net dipole moment and couple to an external field in the electrostatic limit. However, the strengths of all these dipole active modes are not equal. For a cube, Fuchs has shown that six of these modes are responsible for 96% of the absorption spectrum (26)-a result that is easily verified using the electrostatic eigenvalue method -and it is reasonable to expect a similar type of convergence with A Shell B Cavity C Core a cubic shell. The surface-charge density integrals of both a cube and cubic shell were evaluated numerically (20) and energy level diagrams for the ν 3 and ν 2 bands of cubic CO 2 shells are shown in Fig. 4 A and B, respectively. For all three sets of optical modes (ν 3 , ν 0 2 , and ν 00 2 ), the splitting that results from the mixing of the surface modes of the primitive components is more complex because hybridization involves a larger number of modes with dipole moments. Despite these details, the general result is again straightforward, as highlighted in Fig. 4 : Bonding and antibonding modes fall into low-and high-energy bands, respectively, with increasing energy for increasing numbers of nodal planes.
In Fig. 3A , the calculated spectrum for the cubic shell (upper trace) is compared to the experimental spectrum (lower trace). The ν 2 band of CO 2 consists of two modes. The small LO-TO splitting of the low-frequency ν 0 2 mode and its proximity to the higher frequency ν 00 2 mode (Fig. 4B ) means that its shape-dependent features cannot easily be resolved and thus simply appear as a single peak. More detail and a clear shape dependence is seen in the ν 00 2 mode and the sole mode of the ν 3 band. For each mode, the strongest bonding (j−i) and antibonding (jþi) components are labeled. If only these components were used to calculate the spectrum, there would be little difference between the band shapes of the spectrum of a cubic shell and that of a spherical shell. It is the presence of the other dipole active modes that gives the characteristic asymmetric band shape toward higher wavenumbers for jν 00 2 −i and jν 3 −i and toward lower wavenumbers for jν 00 2 þi and jν 3 þi. Similar to the spherical shell, the peaks of the antibonding and bonding modes are essentially scaled reflections of each other. This result is true for any shell whose inner and outer surface are scaled versions of each other.
The earlier discussion concerning the thickness of a spherical shell and its effect on the splitting between modes also applies to cubic shells. This behavior is highlighted in Fig. 5 where the spectra of spherical (upper traces) and cubic shells (lower traces) are compared to each other as a function of the scale parameter b∕a (which defines the thickness of the shell relative to its core for both shapes). With increasing shell thickness, the bonding modes shift to higher energies, while the antibonding modes shift to lower energies, thus reducing the splitting between the two sets of modes. Simultaneously, the intensity of the antibonding modes relative to the bonding modes becomes smaller until, finally, they appear only as shoulders in the case of the thickest shells (Fig. 5D ). Although these trends hold for both shapes, Fig. 5 also illustrates the small but characteristic difference between their spectra. Apart from a systematic shift of band positions, the cubic shells give rise to characteristic asymmetric band shapes, whereas the infrared bands of the spherical shells are almost perfectly symmetric. The asymmetry of the infrared bands is clearly visible in the experimental spectra of the cubic shells in Fig. 3A . It is noteworthy that the normalized spectra only depend on the scale parameter and on the particle shape, but not on the particle size as long as the latter falls into the range where the electrostatic approximation as used here applies. Larger particles have additional contributions from effects such as elastic scattering, and much smaller particles (usually well below 5 nm) require a different treatment because their spectra are dominated by the interplay of molecular structure and finite size (see ref. 25 for further details). The illustrations depicting surface-charge distributions in A are associated with these modes. For clarity, only eigenmodes that contribute significantly to the absorption spectra in Fig. 3 are listed (in all cases, these modes account for at least 96% of the absorbance in the calculated spectra).
Both PHTand the electrostatic eigenvalue method work within the long-wavelength (electrostatic) approximation, which assumes that particle dimensions are much less than the wavelength of light impinging on them. This approximation is often very poor for metallic nanostructures and means that, despite the insight that PHT provides to our understanding of optical properties, it can often only predict spectral trends without being able to reproduce observed spectra in detail. In the midinfrared region where most fundamental internal vibrations occur, wavelengths range from 2.5 to 25 μm (4,000 to 400 cm −1 ). Therefore, the quantitative reproduction of absorbance spectra of nanometersized dielectric particles should be superior to plasmon spectra of metallic nanoparticles calculated within this approximation. The overall correspondence between the observed and calculated spectra in Fig. 3 is indeed excellent. The predicted splitting that occurs between the modes of the cube and those of the cubic shell closely match the experimental observation, as does the asymmetric shape of the infrared bands (see the caption of Fig. 3) . Due to the small dimensions of the particle relative to the wavelength of light, the electrostatic approximation is well satisfied. Therefore, not only does this hybridization model provide an intuitive understanding of the phonon and vibron spectra of complex dielectric nanostructures but it allows one to perform accurate numerical calculations.
We have demonstrated that a hybridization scheme similar to what has been previously established for molecular orbitals and plasmonic nanostructures can be constructed for internal and external vibrations of dielectric nanoparticles. For example, vibrational modes of dielectric shells of various shapes can be understood as being admixtures of the surface-charge densities of the primitive components, a cavity and a core, that form the shell. Not only does this hybridization scheme provide insight into the infrared spectral features of dielectric particles, but it can also be used to accurately reproduce and predict those spectra, which is not usually possible when electrostatic methods are applied to metallic nanostructures. Finally, the generality of this model means that it can find application in areas ranging from infrared spectroscopic explorations of CO 2 clouds on Mars to the design of SiC nanomaterials.
Methods
The method for the construction of the surface-charge density of a shell from the surface-charge densities of its primitive components is described in SI Text. A derivation of Eq. 1 is provided. Furthermore, we also describe the procedure used to calculate the spectra shown in Figs. 2, 3 , and 5, along with the eigenmodes that are listed in Figs. 2 and 4 . Finally, the details of the CO 2 dielectric function used in the various calculations are given (optical modes, high-frequency dielectric constant, and damping). 
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SI Text
Derivation of Integral Equations. Background. Prior to discussing the surface-charge density integral equations of a shell, we briefly review the formulation of the electrostatic eigenvalue problem by considering the simple cases of a core (Fig. 1C ) and a cavity (Fig. 1B) . A detailed account of this problem can be found elsewhere (1, 2). For simplicity, we set the permittivities
For the core, the surface-charge density σðQÞ eigenvalue problem can be constructed by taking the outward normal component n Q of the electric field E at point Q on the particle surface S
and inserting it into the boundary condition obtained from Gauss's law
After some manipulation, the combined Eqs. S1 and S2 lead to
where λ ¼ ðϵ 2 − ϵ 0 Þ∕ðϵ 2 þ ϵ 0 Þ. For integral equations of this type, the spectrum of eigenvalues is discrete with real values jλj ≥ 1 (2). A convenient way to deal with the problem of the surfacecharge density on a cavity (σ 0 ) is to change the direction of the surface normal from outward (n Q ) to inward (n 0 Q ). Eq. S1 then becomes
Inserting Eq. S4 into the boundary condition
leads to the integral equation
where
Eigenvalues and eigenfunctions of a shell. To demonstrate that the eigenfunctions that describe the surface-charge density on the inner and outer surfaces of a shell can be constructed from the surface-charge density eigenfunctions of its primitive components (a cavity and a core), we proceed as follows: For the geometry depicted in Fig. 1A , the normal component of the electric field on the outer surface E and inner surface E 0 satisfy the following equations:
where ϵ 1 , ϵ 2 , and ϵ 3 are the permittivities of the core, shell, and medium, respectively. Again, the direction of the normals n Q and n 0 Q are outward and inward, respectively, and we set ϵ 1 ¼ ϵ 3 ¼ ϵ 0 (3). Furthermore, we consider S and S 0 to be scaled versions of each other throughout this work. The normal components of the electric field at each surface are then
and
[S10]
These equations, along with the boundary conditions S7 and S8, lead to the following pair of simultaneous linear integral equations for the outer (σ) and inner (σ 0 ) surface-charge densities:
[S12]
where λ ¼ ðϵ 2 − ϵ 0 Þ∕ðϵ 2 þ ϵ 0 Þ. If integral equations using the kernels from Eqs. S11 and S12 are written as
where λ m and λ 0 m are both equal to ðϵ 2 − ϵ 0 Þ∕ðϵ 2 þ ϵ 0 Þ, it is apparent that these equations also describe the surface-charge density on the two primitives that can be used to construct the shell in Fig. 1A (compare Eqs. S3 and S6). Eq. S13 gives the surfacecharge density relationship on the core (Fig. 1C) and Eq. S14
gives the surface-charge density relationship on the cavity (Fig. 1B) . Because of these equivalences and the fact that Eqs. S11 and S12 are linear, it is immediately obvious that the surfacecharge density eigenfunctions of a shell can always be constructed from the eigenfunctions of its primitive components.
The eigenvalues for the shell can be determined by expanding σðQÞ and σ 0 ðQÞ using the eigenfunctions of the core and cavity: These can be substituted into Eqs. S11 and S12 yielding
Next, by bringing the integrals inside the summation and substituting in Eqs. S13 and S14, we get
When dealing with the case of a spherical shell with an inner radius of a and an outer radius of b, this pair of equations can be solved exactly. For the primitive components, the eigenvalues of the core are λ m ¼ ð2m þ 1Þ and the eigenvalues of the cavity are λ 0 m ¼ −ð2m þ 1Þ. Using these relations, along with the addition theorem and orthogonality of spherical harmonics, Eqs. S19 and S20 can be simultaneously solved, and the analytical formula for the eigenvalues of a spherical shell is determined to be
By inserting λ ¼ ðϵ 2 − 1Þ∕ðϵ 2 þ 1Þ into Eq. S21 and setting
(where ω TO is the transverse optical mode and ω LO is the longitudinal optical mode), we can solve Eq. S21 for the eigenmodes ω and obtain
Eq. S23 is Eq. 1 from the main text. By using more elaborate dielectric functions in conjunction with Eq. S21, it is possible to obtain other expressions for the eigenmodes of a spherical shell.
Calculation of Spectra. Spectra were calculated using eigenvalues and eigenfunctions obtained from the numerical evaluation of either Eqs. S11 and S12 (spherical shells, Fig. 2 A and B) , Eq. S3 (cube, Fig. 3B ), or the equations discussed in ref.
3 for a shell in the situation where ϵ 1 ≠ ϵ 3 (cubic shell, Figs. 3A and 5; spherical shell, Fig. 5 ). The procedure for these types of calculations is discussed in detail elsewhere (2) (3) (4) (5) . A comparison of some these spectra to those calculated using multilayer Mie theory (6, 7) (the exact solution to the problem in the case of the spherical shell) and the discrete-dipole approximation (DDA) (8, 9) are presented in Figs. S1 and S2. In both the Mie theory and DDA calculations, particle dimensions were never more than 10 nm (i.e., well within the electrostatic limit). Agreement among all methods is excellent. was constructed using parameters that best fit refractive index data from a thin-film study (10) . Three optical modes were included (N ¼ 3) in this function. The TO frequencies (ω TO ) of these modes were 655, 661, and 2;345 cm −1 with corresponding LO frequencies (ω LO ) at 660, 672, and 2;377 cm −1 , respectively. The high-frequency dielectric constant was ϵ ∞ ¼ 1.54. The damping of each mode (γ m ) was not based on a fit and instead was simply set to 0.2% of ω TO for each mode.
The calculations involving cubic CO 2 shells included a dielectric function for the N 2 O cubic core. Because none of the optical modes of N 2 O overlap with those of CO 2 (11), this function was simply set to a constant value of 1.6129 (12) . It was found that, if this dielectric constant were ignored (i.e., simply set to one), the eigenmodes of the cubic shell would not change significantly but the relative heights of the bonding and antibonding modes in Fig. S2 would. Therefore, its inclusion was necessary for the accurate modeling of the infrared spectra. Absorbance (arb.) Fig. S1 . Comparison of spectra of spherical CO 2 shells calculated using multilayer Mie theory (A and C) and the electrostatic eigenvalue method (B and D). The ratio of outer-to-inner radii are 1.2 (A and B) and 2 (C and D). For the numerical implementation of the electrostatic eigenvalue method, shells were constructed from 1,536 surface area elements.
